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1. Introduction 

The theory of isometric began in the classical paper jl6j by S. Mazur and S. Ulam who 
proved that every isometry of a real normed vector space onto another real normed vector 
space is a linear mapping up to translation. The property is not true for normed complex 
vector space(for instance consider the conjugation on C). The hypothesis of surjectivity is 
essential. Without this assumption, Baker [2] proved that every isometry from a normed 
real space into a strictly convex normed real space is linear up to translation. A number of 
the mathematicians have had dealt with the Mazur-Ulam theorem. 

The main theme of this paper is the proof of the Mazur-Ulam theorem in a fuzzy n-normed 
strictly convex space. 

In 1984, Katsaras [12] defined a fuzzy norm on a linear space and at the same year Wu and 
Fang [24] also introduced a notion of fuzzy normed space and gave the generalization of the 
Kolmogoroff normalized theorem for fuzzy topological linear space. In [4], Biswas defined 
and studied fuzzy inner product spaces in linear space. In 1994, Cheng and Mordeson intro- 
duced a definition of fuzzy norm on a linear space in such a manner that the corresponding 
induced fuzzy metric is of Kramosil and Michalek type [14]. In 2003, Bag and Samanta [T] 
modified the definition of Cheng and Mordeson [S] by removing a regular condition. They 
also established a decomposition theorem of a fuzzy norm into a family of crisp norms and 
investigated some properties of fuzzy norms (see [I]). 

In ^, 9j, Gahler introduced a new approach for a theory of 2- norm and n-norm on a lin- 
ear space. In |10j . Hendra Gunawan and Mashadi gave a simple way to derive an (n-1)- 
norm from the n-norm and realized that any n-normed space is an (n-l)-normed space. Al. 
Narayanan and S. Vijayabalaji have introduced the notion of fuzzy n-normed linear space 
in [17]. Also, S. Vijayabalaji, N. Thillaigovindan and Y. B. Jun, extended n-normed linear 
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spaces to fuzzy n-normed linear spaces in [53]. We mention here the papers and monographs 
[ll[5l[71[TTl[l3[l5l[T8l[T9l|20l|2Tl|22]an concerning the isometries on metric spaces. 

2. Preliminaries 

In this section, we state some essential definitions and results which will be needed in the 
sequel. 

Definition 2.1. Let X be a real linear space. A function N : X x'R — > [0, 1] (the so-called 
fuzzy subset) is said to be a fuzzy norm on X, if for all x,y £ X and all s,t £ R; 
(iVi) N{x,t) = fort<0; 

{N2) x = if and only if N{x,t) = 1 for all t > 0; 

(TVs) N{tx,s)=N{x,^) ift^Q; 

{N4) N{x + y,t + s) > min{N[x, t),N{y, s)}; 

(A^s) N{x, .) is non-decreasing function on R and limt^oo N{x,t) — 1; 
(Ne) For a; 7^ 0, N{x, .) is (upper semi) continuous on R. 



The pair {X,N) is called a fuzzy normed linear space. One may regard N{x,t) as the 
truth value of the statement "the norm of x is less than or equal to the real number t" . 



Definition 2.2. Let n G ^(natural numbers) and let X be a real vector space of dimension 
d > n. A real valued function ||», •H on X x ...x X satisfying the following four properties: 

(1) ||xi, a::n|| =0, if and only if xi, Xn are linearly dependent; 

(2) ||a;i, ...,a::„|| is invariant under any permutation; 

(3) ||a;i, ax„\\ = |a| ||2;i, x„ ||, for any a € R; 

(4) ||a;i, Xn-i,y + z\\ < \\xi, ...,x„-i,y\\ + \\xi, ...,x„-i,z\\; 

is called an n-norrn on X and the pair {X, ||», •||), is called an n-normed space. 



Definition 2.3. Let X be a real linear space over a real field F . A fuzzy subset N of X" x R 
(M. is the set of real numbers) is called the fuzzy n-normed on X, if and only if for every 

Xl J . . . , Xn ^ Xji G X . 

(niVi) For allt £R with t < 0;, 7V(a;i, ...,x„,t) = 0; 

{nN2) For all t £ M. with t > 0, N{xi, x„,t) = 1, if and only if linearly 
dependent; 

{nN:j) N{xi, x„,t) is invariant under any permutation of xi, x„; 

(nNi) For allt £R with t > 0, N(xi, ...,cx„,t) = N(xi, ...,x„,t^t), i/c / 0, c € F (field); 

(nNs) For all s, i G R, N{xi, x„ + x„, s -\-t) > min{N{x\, Xn,t),N{xi, x„, s)}; 
{Nq) N{xi, ...,Xn,t), is left continuous and non-decreasing function oftGR and 

lim N{xi, x„,t) = 1; 

t — >oo 

In this case, the pair {X, N) is called a fuzzy n-normed linear space. 



Example 2.4. Let {X, ||«, •||) be an n-normed space. We define 

r ,,,, * ^ 11 , when t £R with t > ,(xi,...,x„) e X X ... X X, 
^("^'••■'""'*)^=1 ^hent<0, 

Then it is easy to show that {X, N) is a fuzzy n-normed linear space. 

Definition 2.5. A fuzzy n-normed space is called strictly convex, if and only if for every 
xi, Xn, x„ G X and s,t £ R, N{xi, Xn+x^, s+t) — min{N{x\, Xn,t),N{xi, a;„, s)} 
and for any zi, z„ G X , N(xi, x„, t) = N(zi, z„, s) implies that Xi — zi, Xn = Zn 
and s — t. 
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Definition 2.6. Let (X, N) and {Y, N) be two fuzzy n-normed spaces. We call f : {X, N) — > 
(Y, N) a fuzzy n-isometry, if and only if 

N{xi - xo, ...,x„ - xo,t) = N{f{xi) - f{xo), ...,f{xn) - f{xo),t), 
for all Xo, xi, Xn € X and all t > 0. 

Definition 2.7. Let X be a real linear space and x, y, z mutually disjoint elements of X. 
Then x, y and z are said to be 2-collinear if y — z = t{x — z), for some real number t. 

3. Mazur-Ulam problem 

In this section we prove the Mazur-Ulam theorem in the fuzzy real n-normed strictly 
convex spaces. From now on, let {X, N) and (Y, N) be two fuzzy n-normed strictly convex 
spaces and / : {X, N) — > {¥, N) be a function. 

Lemma 3.1. For each xi, Xn,Xn € X and t G R, 
(i) N{xi, ...,x„ - x„,t) = N{xi, x„ - x„,t); 

(u) N{xi, Xi, Xj, Xn, t) = N{xi, Xi + axj, Xj, a;„, t), for all a £ E; 
Proof. 

N{xi,...,x„ - Xn,t) = N{xi,..., (-l)(a;„ - Xn),t) = N{xi, ...,x„ - Xn, j"rY|) 

— iV(xi, Xn -^n, t^. 

To prove (ii), assume that s,t and s,t > and z = ^Xi + Xj. By using (i) and (n7V2) 
and {nNe), we have 

t) < N{xi, ...,Xi, ...,Xj, Xn,t + S) 
= N{X1,..., a{z — Xj), ...,Xj, ...,Xn,t + s) 

— _ LLl\ 

— I\\^Xl,...,Z Xj, ...,Xj, ...,Xn, I I } 

\a\ 

t s 
= min{N{xi, ...,z, ...,Xj, ...,x„,^^,N{xi, ...,Xj, ...,Xj, ...,Xn,i—^} 

= ]V(^Xl, Z, Xj, Xn, r) 

\a\ 

= N{xi,...,az,...,Xj,...,Xn,t) 

— N (^Xi J X'i -\- OLX j 5 • . . 5 X j , . . . , ^) 

< N{xi, ...,Xi + axj,..., Xj, ...,x„,t + s) 

= min{N(xi, ...,Xi, Xj,..., Xn,t),N{xi, axj,...,Xj, ...,Xn, s)} 

= (^X\ , Xi, Xj , Xn, t) 

Hence, N{xi, ...,Xi, ...,Xj, ...,Xn,t) = N{xi, ...,Xi + axj, a;^-, for all a € K. □ 

Lemma 3.2. Let xo,xi £ X be arbitrary and t > 0. Then u = ^'^'^^'^ %$ the unique element 
of X satisfying 

N(^Xx U, X\ Xn, X'2 Xn, — , Xn — 1 Xn, t) 

= N{xo - X„, xo — U,X2 — X„, Xn-\ — Xn, t) 
= N(xo - X„,Xi - X„,..., X„-i - Xn, It) 

for every X2, Xn & X and u, xo and xi are 2-colinear. 
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Proof. Since u = ^9+'^'^ , we can write 



Xo — U = Xo 



2 

Xo + X-l Xo Xl .X() + ,li — .Xl Xl 



Xo+Xl 

= -(a;i ) = -(a;i - u). 

Thus wc conclude by the Definition 2.7 that u, xo and x\ are 2-colinear. 
By using Lemma 3.1, we can see that 

N{xi —U,Xl— Xn, ...,X„-1 — Xn,t) 

- AT( _ ^0+^1 _ _ +^ 

= N{xi - Xo,Xl - Xn, Xn-1 - X„, 2t) 
= N{xa - Xn,Xl - Xn, Xn-1 - Xn, 2t) , 

and similarly 

N{xo — Xn,XQ — U,X2 — Xn, Xn-1 — Xn,t) 
= N{xo - Xn,Xl - Xn, X„-l - Xn, 2t). 

Now, we prove the uniqueness of u. 

Assume that v € X, satisfies the above properties. Since v, xo and xi are 2-coUnear, there 
exists a real number s such that v := sxo + (1 — s)xi. In view of Lemma 3.1 and Definition 

2.5, we obtain 

^ (^Xq Xn, Xl Xn, •• •, Xn — 1 Xn, 2i^ 

= N(X1 —V,Xl- Xn, X2 - Xn, —, Xn-1 — Xn, t) 

= N{X1 - {sXo + (1 - s)xi),Xl - X„, Xn-1 - Xn, t) 

= N{X1 - Xo, Xl - Xn, ■■; Xn-1 - Xn, Jj) 

1*1 

— M {xo Xn, Xl Xn, Xn—1 Xn, r ) • 

So, 2t = ||| . Since t > 0, |s| = i. Also 
N{xo- 2t) 

= N{xo - Xn,Xo - V,X2 - Xn...., Xn-1 - X„,t) 

= N{xo - Xn,xo- {sxo + (1 - s)a;i), a;2 - x„,..., x„-i - Xn,t) 

= N{xo - Xn,Xo -Xl,X2- Xn, .■.,Xn-l - Xn, , ^ , ) 

|1 S\ 

— (•^'0 Xn, Xl Xn, .. ., Xn—l Xn, JZ r ) • 

|i — S\ 

So 2t = lYTTj-- Hence ^ = \s\ = \1 — s\ and so s = i. Thus we obtain that u = v and this 
complete the proof. □ 



Lemma 3.3. Let f : {X, N) — > (Y, A'') is a fuzzy n-isometry; 

(i) For every xo,xi,X2 € X, if xo, xi and X2 are 2-colinear, then f{xo), f{xi) and f{x2) 

are 2-colinear. 

{ii) If /(O) = 0, then for every zi, Zn £ X and t > 

N{zi,...,Zn,t)=N{f{zi),...,f{Zn),t) 
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Proof. Since xo, x\ and X2 are 2-cohnear, there exists a real number s such that xi — xq 

s{x2 — a;o).So, for each x^, x„+i £ X we have 

Nifixi) - f{xo), fix,) - f{xo), f{x„+i) - f{xo),t) 

= N{xi - Xo, X3 - Xo, Xn+1 - XQ,t) 
= N{X2 - Xo, X3 - Xo, X„+l -Xo,-^) 

= N{f{x2) - f{xo),f{X3) - /(xo), f{Xn+l) - /(xo), -j^) 
= N{s{f{X2) - /(xo)), fixs) - /(xo), f{Xn+l) - f{xo),t), 

and by definition 2.5, we conclude that f{xi) — f{xo) = s{f{x2) — f{xo))- 
To prove the property (ii), we can write 

N{zi,...,z„,t) = N{zi -0, ...,2„ -0,t) 

= iV(/(zi)-/(0),...,/(z„)-/(0),t) 
= N{f{z,),...,f{z„),t). 

Theorem 3.4. Every fuzzy n-isometry f : {X, N) — > (Y, N) is affine. 



a 



Proof f : {X, N) {Y, N) is affine, if the function g : {X, N) {Y, N) defined by g{x) = 
f{x) — /(O), is linear. Its obvious that g is an n-isometry and g{Q) = 0. Thus, we may 
assume that /(O) = 0. Hence, it is enough to show that / is linear. 
Let xo, xi € X. By Lemma 3.1, for every X2, Xn € X vte have 

iV(/(xo) - /(X„), /(xo) - /(^^y^), /(X2) - f{Xn), /(x„_l) - /(x„), t) 

= iV(/(x„) - /(xo), /(^5^) - /(xo), /(X2) - /(xo), /(x„_i) - /(xo), t) 

Xo + Xl , 
= N{X„ - Xo, Xo, X2 - Xo, Xn-l - Xo, t) 

= N{Xn — Xo, Xl — Xo, X2 — Xo, X„-l — Xo, 2t) 

= N{f{Xn) - /(xo), /(Xl) - /(xo), /(X2) - /(xo), /(x„_i) - /(xo), 2t) 
= N{f{xo) - f{Xu), /(Xl) - /(X„), /(X2) - /(x„), /(x„_i) - /(x„), 2t). 
And we can obtain 

N{f{xi) - fi^^^),f{xi) - f{Xn), /(X2) - /(X„)..., /(X„_l) - /(X„),t) 

= iV(/(^^±^) - /(Xl), /(X„) - /(Xl), /(X2) - /(Xl), /(X„_l) - /(Xl), t) 
Xo+Xl 

= iV( ^ Xl,X„ — Xl,X2 — Xl, Xn-l — Xl,t) 

= N{xo — Xl,X„ — Xl,X2 — Xl, ...,X„_1 — Xl, 2t) 

= iV(/(xo) - /(xi),/(.x-„) - f(xi),f{x2) - /(xi), ...,/(x„-i) - f(xi),2t) 

= iV(/(.T„) - fix,,), f(xi) - /(X„), /(X2) - /(x„), /(x„_i) - /(x„), 2t). 

By (i) of Lemma (3.3), we obtain that /(^^^^), /(xo) and /(xi) are 2-colinear. Now, from 
Lemma 3.2, we have 

^^ xo +xi ^ ^ /(xo) _|_ /(xi) 

for all xojXi £ X. It follows that / is Q-linear(Q is the set of rational numbers). Wc have 
to show that / is R-linoar. 

Let r € M"*" and x G X. By (i) of Lemma (3.3), /(O), /(x) and /(rx) are 2-colineax. Since 
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/(O) = 0,there exists s € M such that f{rx) = sf{x). Prom (ii) of Lemma (3.3), for every 
xi, Xn-i and t > 0, we have 

N{x,Xl,X2, —,X„-1, ^) = N{rX,Xl, ...,Xn-l,t) 

= N{f{rx), f{xi), f(x2), f{Xr.-l),t) 
= N{sf{x), f(x^), f{x2), /(a;„-i), i) 

= N{f{x)J{xi), f{X2), f{Xn-l), ^) 
= N{x,Xl,X2, ...,Xn-l, A). 

Hence s = ±r. The proof is completed if s = r. If s = —r, that is, f{rx) = —rf{x). Then 
there exists 52 £ Q such that < gi < r < g2- For each zi, z„ & X, we have 

N{f{x),f{z^)- f{q2x),...,f{z^-,)- f{q2x), * ^ 



q2 + r 

= N{q2f{x) - {-rf{x)),f{z-,)-f{q2x),...Jiz„-^) - f{q2x),t) 
= N{f{rx) - f{q2x), f{zi) - f{q2x), f{z„-^) - f{q2x),t) 
= N{rx — q2X, zi — q2X, Zn-i — q2X, t) 

= N{x, Zi - q2X, Zn-l - q2X, — - — ) 

q2 - r 

> N{x, zi - q2X, z„-i - q2X, ^ ) 

92 - qi 

= N(qix - q2X, z\ — q2X, Zn-i - q2X, i) 

= N{f{q^x) - f{q2x), f{zi) - f{q2x), - f{q2x),t) 

= N{f{x), f{zi) - f{q2x), - f{q2x), -^—). 

By (nNe), we have q2 + r < 92—91 which is a contradiction. Hence s = r, that is, 
f{rx) = rf{x) for all positive real numbers r. Therefore / is R-linear, as desired. □ 
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